Spherical scalar collapse in f (R) gravity is studied numerically in double-null coordinates in the Einstein frame. Dynamics in the vicinity of the singularity of the formed black hole is examined via mesh refinement and asymptotic analysis. Before the collapse, the scalar degree of freedom f is coupled to a physical scalar field, and general relativity is restored. During the collapse, the major energy of the physical scalar field moves to the center. As a result, f loses the coupling and becomes light, and gravity transits from general relativity to f (R) gravity. Due to strong gravity from the singularity and the low mass of f , f will cross the minimum of the potential and approach zero. Therefore, the dynamical solution is significantly different from the static solution of the black hole in f (R) gravity-it is not the de Sitter-Schwarzschild solution as one might have expected. f tries to suppress the evolution of the physical scalar field, which is a dark energy effect. As the singularity is approached, metric terms are dominant over other terms. The Kasner solution for spherical scalar collapse in f (R) theory is obtained and confirmed by numerical results. These results support the Belinskii-Khalatnikov-Lifshitz conjecture well.
I. INTRODUCTION
General relativity is a milestone in gravitation. However, some problems in general relativity, e.g., the nonrenormalizability of general relativity and the singularity problems in black hole physics and in the early Universe, imply that general relativity may not be the final gravitational theory [1, 2, 3, 4] . Theoretical and observational explorations in cosmology and astrophysics, e.g., inflation, the orbital velocities of galaxies in clusters and the cosmic acceleration, also encourage considerations of new gravitational theories [2, 5, 6, 7, 8, 9, 10] . Among various modified gravity theories, f (R) gravity is a natural extension of general relativity. In this theory, the Ricci scalar, R, in the Einstein-Hilbert action is replaced by an arbitrary function of the Ricci scalar,
where G is the Newtonian constant, and S m is the matter term in the action [8, 9, 10] . The models of this type became popular in cosmology, with people trying to attribute the late-time accelerated expansion of the Universe to gravitational degrees of freedom. (See Refs. [11, 12] for reviews of f (R) theory.) Black hole physics and spherical collapse are important platforms for understanding gravity. (For reviews of gravitational collapse and spacetime singularities, see
Refs. [13, 14, 15, 16, 17, 18] .) Historically, some static solutions for black holes have been obtained analytically. The "no-hair" theorem states that a stationary black hole can be described by only a few parameters [19] . Hawking showed that stationary black holes as the final states of Brans-Dicke collapses are identical to those in general relativity [20] . In Ref. [21] , a novel "no-hair" theorem was proven. In this theorem, the scalar field, surrounding an asymptotically flat, static, spherically symmetric black hole, is assumed to be minimally coupled to gravity, and to have a non-negative energy density. In this case, the black hole must be a Schwarzschild black hole. This result is also valid if the scalar field has a potential whose global minimum is zero. The possible black hole solutions were explored in scalar-tensor gravity, including f (R) gravity, by Sotiriou and Faraoni. If black holes were to be isolated from the cosmological background, they would have a Schwarzschild solution [22] .
As astrophysical black holes are expected to come from collapses of matter, studying collapse processes, especially spherical collapses, is an instructive way to explore black hole physics and to verify the results on stationary black holes as well. The Oppenheimer-Snyder solution provides an analytic description of the spherical dust collapse into a Schwarzschild black hole [23] . The Lemaître-Tolman-Bondi solution describes a spherically symmetric inhomogeneous universe filled with dust matter [24, 25, 26] . However, due to the nonlinearity of Einstein field equations, in most other cases, the collapse solutions have to be searched for numerically. Simulations of spherical collapse in Brans-Dicke theory were implemented in Refs. [27, 28, 29] , confirming Hawking's conclusion that stationary black holes as the final states of Brans-Dicke collapses are identical to those in general relativity [20] . In Ref. [30] , numerical integration of the Einstein equations outwards from the horizon was performed. The results strongly supported the new "nohair" theorem presented in Ref. [21] . Recently, the dynamics of single and binary black holes in scalar-tensor theories in the presence of a scalar field was studied in Ref. [31] , in which the potential for scalar-tensor theories is set to zero and the source scalar field is assumed to have a constant gradient.
Although f (R) theory is equivalent to scalar-tensor theories, it is of a unique type. In f (R) theory, the potential is related to the function f (R) or the Ricci scalar R by V (χ) ≡ (2f −χR)/3, with χ ≡ f . In dark-energyoriented f (R) gravity, the de Sitter curvature obtained from V (χ) ≡ (2f − χR)/3 = 0 is expected to drive the cosmic acceleration. Consequently, the minimum of the potential cannot be zero. Therefore, spherical collapse in f (R) theory has rich phenomenology and is worth exploring in depth, although some studies have been implemented in scalar-tensor theories. In Ref. [32] , the gravitational collapse of a uniform dust cloud in f (R) gravity was analyzed; the scale factor and the collapsing time were computed. In Ref. [33] , the junction conditions through the hypersurface separating the exterior and the interior of the global gravitational field in f (R) theory were derived. In Ref. [34] , a charged black hole from gravitational collapse in f (R) gravity was obtained. However, to a large extent, a general collapse in scalar-tensor theories [especially in f (R) theory], in which the global minimum of the potential is nonzero, still remains unexplored as of yet. In addition to black hole formation, large-scale structure is another formation that can be modeled. In Refs. [35, 36] , with the scalar fields assumed to be quasistatic, simulations of dark matter halo formation were implemented in f (R) gravity and Galileon gravity, respectively.
Another motivation comes from the study of the dynamics as one approaches the singularity. The Belinskii, Khalatnikov, and Lifshitz (BKL) conjecture states that as the singularity is approached, the dynamical terms will dominate the spatial terms in the Einstein field equations, the metric terms will dominate the matter field terms, and the metric components and the matter fields are described by the Kasner solution [37, 38, 39, 40] . The BKL conjecture was verified numerically for the singularity formation in a closed cosmology in Refs. [41, 42] . It was also confirmed in Ref. [43] with a test scalar field approaching the singularity of a black hole, whose metric is described by a spatially flat dust Friedmann−Lemaître−Robertson−Walker spacetime. In Ref. [44] , the BKL conjecture in the Hamiltonian framework was examined, in an attempt to understand the implications of the BKL conjecture for loop quantum gravity. In this paper, we consider a scalar field collapse in f (R) gravity. We study the evolution of the spacetime, the physical scalar field ψ, and the scalar degree of freedom f throughout the whole collapse process and also in the vicinity of the singularity of the formed black hole.
Regarding simulations of gravitational collapses and binary black holes in gravitational theories beyond general relativity, in addition to the references mentioned above, in Ref. [45] , the generation and propagation of the scalar gravitational wave from a spherically symmetric and homogeneous dust collapse in scalar-tensor theories were computed numerically, with the backreaction of the scalar wave on the spacetime being neglected. Scalar gravitational waves generated from stellar radial oscillations in scalar-tensor theories were computed in Ref. [46] . The response of the Brans-Dicke field during gravitational collapse was studied in Ref. [47] . Charge collapses in dilaton gravity were explored in Refs. [48, 49, 50] . Binary black hole mergers in f (R) theory were simulated in Ref. [51] .
A viable dark energy f (R) model should be stable [52, 53] , able to generate a cosmological evolution consistent with the observations [54, 55] , and able to pass the solar system tests [9, 56, 57, 58, 59, 60, 61] . These requirements imply that this model should be reduced to general relativity at high curvature scale, R Λ, and mainly modifies general relativity at low curvature scale, R ∼ Λ, where Λ is the currently observed effective cosmological constant. We take two typical viable f (R) models, the Hu-Sawicki model [9] and the Starobinsky model [10] , as sample f (R) models. We perform the simulations in the double-null coordinates proposed by Christodoulou [62] . These coordinates have been used widely, because they have the horizon-penetration advantage and also allow us to study the global structure of spacetime [47, 48, 49, 50, 63, 64, 65, 66] . The results show that a black hole can be formed. During the collapse, the scalar field f is decoupled from the matter density and becomes light. Simultaneously, the Ricci scalar decreases, and the modification term in the function f (R) becomes important. The lightness of f and the gravity from the scalar sphere, which forms a black hole later, make the scalar field f cross the minimum of the potential (also called a de Sitter point), and then approach zero near the singularity. The asymptotic expressions for the metric components and scalar fields are obtained. They are the Kasner solution. These results support the BKL conjecture.
To a large extent, the features of f (R) theory are defined by the shape of the potential. Local tests and cosmological dynamics of f (R) theory are closely related to the right side and the minimum area of the potential [55, 56, 57, 61] . In the early Universe, the scalar degree of freedom f is coupled to the matter density. In the later evolution, f is decoupled from the matter density and goes down toward the minimum of the potential, and eventually stops at the minimum after some oscillations. Interestingly, studies of collapses draw one's attention to the left side of the potential.
The paper is organized as follows. In Sec. II, we introduce the framework of the collapse, including the formalism of f (R) theory, double-null coordinates, and the Hu-Sawicki model. In Sec. III, we set up the numerical structure, including discretizing the equations of motion, defining initial and boundary conditions, and implementing the numerical tests. In Sec. IV, numerical results are presented. In Sec. V, we discuss numerical results from the point of view of the Jordan frame. In Sec. VI, we consider collapses in more general models. Section VII summarizes our work.
II. FRAMEWORK
In this section, we build the framework of spherical scalar collapse in f (R) theory. To utilize the developed tools in numerical relativity, f (R) gravity is transformed from the Jordan frame into the Einstein frame. In order to study the global structure of the spacetime, and the dynamics of the spacetime and the source fields near the singularity, we simulate the collapse in double-null coordinates. A typical f (R) model, the Hu-Sawicki model, is chosen as an example model. This paper gives the first detailed results on numerical simulations of fully dynamical spherical collapse in f (R) gravity toward a black hole formation.
A. f (R) theory
The equivalent of the Einstein equation in f (R) gravity reads
where f denotes the derivative of the function f with respect to its argument R, and is the usual notation for the covariant D'Alembert operator ≡ ∇ α ∇ α . The trace of Eq. (2) is
where T is the trace of the stress-energy tensor T µν . In general relativity, f ≡ 1 and f ≡ 0. However, f is generally not zero in f (R) gravity. Therefore, compared to general relativity, there is a scalar degree of freedom, f , in f (R) gravity. Identifying f with a scalar degree of freedom by
and defining a potential U (χ) by
one can rewrite Eq. (3) as
In order to operate f (R) gravity, it is instructive to cast the formulation of f (R) gravity into a format similar to that of general relativity. We rewrite Eq. (2) as
where
T µν (eff) is the energy-momentum tensor of the effective dark energy. It is guaranteed to be conserved, T µν (eff);ν = 0. Note that there are second-order derivatives of f in T (eff) µν . In order to make the formalism less complicated, we transform f (R) gravity from the current frame, which is usually called the Jordan frame, into the Einstein frame. In the latter, the second-order derivatives of f are absent in the equations of motion for the metric components. The formalism can be treated as Einstein gravity coupled to two scalar fields. Therefore, we can use some results that have been developed in the numerical relativity community.
Rescaling χ by
one obtains the corresponding action of f (R) gravity in the Einstein frame [12] 
, ψ is a matter field, and a tilde denotes that the quantities are in the Einstein frame. The Einstein field equations arẽ
wherẽ
is the ordinary energy-momentum tensor of the physical matter field in terms of g µν in the Jordan frame. We take a massless scalar field ψ as the matter field for the collapse. Its energy-momentum tensor in the Einstein frame is
which gives
The equations of motion for φ and ψ can be derived from the Lagrange equations as
In the Einstein frame, the potential for φ is written as
Then we have
B. Coordinate system
We are interested in the singularity formation, the dynamics of the spacetime and the source fields near the singularity, and the global structure of the spacetime. The double-null coordinates described by Eq. (19) are a viable choice to realize these objectives [62] :
where σ and r are functions of (t, x), and u[= (t−x)/2 = Const] and v[= (t + x)/2 = Const] are outgoing and ingoing characteristics, respectively. The two-manifold metric
is conformally flat. In these coordinates, one can know the speed of information propagation everywhere in advance. The metric (19) is invariant for the rescaling u → U (u), v → V (v). We fix this gauge freedom by setting up initial and boundary conditions.
C. The Hu-Sawicki model
For a viable dark energy f (R) model, f has to be positive to avoid ghosts [52] , and f has to be positive to avoid the Dolgov-Kawasaki instability [53] . The model should also be able to generate a cosmological evolution compatible with the observations [54, 55] and to pass the solar system tests [9, 56, 57, 58, 59, 60, 61] . Equivalently, general relativity should be restored at high curvature scale, R Λ, and the f (R) model mainly deviates from general relativity at low curvature scale, R ∼ Λ. In this paper, we take the Hu-Sawicki f (R) model as an example. This model reads [9] 
where n is a positive parameter, D 1 and D 2 are dimensionless parameters, R 0 = 8πGρ 0 /3, andρ 0 is the average matter density of the current Universe. We consider one of the simplest versions of this model, i.e., n = 1,
where D is a dimensionless parameter. In this model,
(25) Equations (22) and (25) show that as long as the matter density is much greater than R 0 , the curvature R will trace the matter density well, f will be close to 1 but not cross 1, and general relativity will be restored. As implied in Eq. (25) , in order to make sure that the de Sitter curvature, for which V (φ) = 0, has a positive value, the parameter D needs to be greater than 1. In this paper, we set D and R 0 to 1.2 and 5 × 10 −6 , respectively. Then, together with Eqs. (24) and (25) , these values imply that the radius of the de Sitter horizon is about 1/R 0 ∼ 10 3 . Moreover, in the configuration of the initial conditions described in Sec. III C and the above values of D and R 0 , the radius of the apparent horizon of the formed black hole is about 2. After explorations of spherical collapse for one of the simplest versions of the Hu-Sawicki model described by Eq. (21), we consider general cases. We let the parameters, D in Eq. (21) and n in Eq. (20) , take different values. We also study spherical collapse for the Starobinsky model [10] . All the results turn out to be similar.
III. NUMERICAL SETUP
In this section, we present the numerical formalisms, including field equations, boundary conditions, initial conditions, discretization scheme, and numerical tests. The numerical code used in the paper is a generalized version of the one developed by one of the authors [63] .
A. Field equations
In this paper, we set 8πG to 1. Details on components of Einstein tensor and energy-momentum tensor of a massive scalar field are given in Appendix A. Then, in double-null coordinates (19) , using
one obtains the equation of motion for the metric component r,
where r ,t ≡ dr/dt, and other quantities are defined analogously. Equation (26) involves a delicate cancellation of terms at both small and large r, which makes it susceptible to discretization errors. In order to avoid this problem, when r is not too large, we define η ≡ r 2 , and integrate the equation of motion for η instead. The equation of motion for η can be obtained by rewriting Eq. (26) as [63] − η ,tt + η ,xx = 2e
When r is very large, the delicate cancellation problem can be avoided by using a new variable ρ ≡ 1/r, instead [63] .
θ provides the equation of motion for σ,
In double-null coordinates, the dynamical equations for φ (15) and ψ (16) become, respectively,
whereT
The {uu} and {vv} components of the Einstein equations yield the constraint equations:
Via the definitions of u = (t−x)/2 and v = (t+x)/2, the constraint equations can be expressed in (t, x) coordinates. Equations (33) − (32) and (33) + (32) generate the constraint equations for {tx} and {tt} + {xx} components, respectively,
Regarding the equation of motion for σ, the term (−r ,tt + r ,xx )/r in Eq. (28) can create big errors near the center x = r = 0. To circumvent this problem, we use the constraint equation (32) alternatively [63] . A new variable g is defined as
Then, Eq. (32) can be written as the equation of motion for g,
In the numerical integration, once the values of g and r at the advanced level are obtained, the value of σ at the current level will be computed from Eq. (36).
B. Boundary conditions
In this paper, the range for the spatial coordinate is x ∈ [0 22]. The value of 22 is chosen such that it is much less than the radius of the de Sitter horizon (∼ 1/R 0 ∼ 10 3 ), and it is much greater than the dynamical scale.
At the inner boundary where x = 0, r is always set to zero. The terms, 2(−r ,t φ ,t + r ,x φ ,x )/r in Eq. (29) and 2(−r ,t ψ ,t + r ,x ψ ,x )/r in Eq. (30), need to be regular at r = x = 0. Since r is always set to zero at the center, so is r ,t . Therefore, we enforce φ and ψ to satisfy the following conditions:
The boundary condition for g at r = 0 is obtained via extrapolation.
Considering the outer boundary, since one cannot include infinity on the grid, one needs to put a cutoff at x, where the radius r is set to a constant. In this paper, we are mainly interested in the dynamics around the horizon and the dynamics near the singularity of the formed black hole. Dynamics in these regions will not be affected by the outer boundary conditions, as long as the spatial range of x is large enough compared to the time range needed for black hole formation. In this paper, we set up the outer boundary conditions via extrapolation.
C. Initial conditions
For any dynamical system whose evolution is governed by a second-order time derivative equation, its evolution is uniquely determined by setting the values of the dynamical variable and its first-order time derivative at any given instant. We set the initial data to be time-symmetric as follows:
In this case, the constraint equation (34) is satisfied identically.
We set the initial value of ψ(r) at t = 0 as
where Q and r 0 take the values of 0.5 and 5, respectively. The initial value of φ(r) can be arbitrary as long as it is negative. [See Eq. (9) and note that χ ≡ f < 1.] Here we choose its value as that in a static system and weakfield limit r = x and σ = 0. In this case, the equation of motion for φ, Eq. (29), becomes
We solve this equation for initial φ(r) with Newton's iteration method, enforcing dφ/dr = 0 at r = 0 and φ to stay at the minimum of the potential V (φ) at the outer boundary.
[Note thatT (ψ) = 0 at the outer boundary.] We define a local mass by
Using r ,t = 0, x = v−u, and t = u+v, we have r u = −r x at t = 0. Then, in the double-null coordinates described by (19) , Eq. (41) implies that
On the other hand, from Eq. (36), one obtains at t = 0,
The combination of Eqs. (42) and (43) provides the equation for r,
In addition to assigning r ,t = φ ,t = 0 at t = 0, we set r ,tt = 0 at t = 0 to fix the gauge freedom. Consequently, Eqs. (35) and (26) become, respectively,
Differentiating Eq. (42) with respect to r yields
Substituting Eqs. (45) and (46) into (47) generates the equation for m m ,r = r
Moreover, with Eqs. (41) and (42), we have
Then, Eq. (48) can be rewritten as
The equation for g at t = 0 can be obtained from Eq. (37),
We obtain the initial values of r, m, and g at t = 0 by integrating Eqs. (44), (49), and (50) via the fourthorder Runge-Kutta method. The values of r, σ, f (= exp 2/3κφ), and ψ at t = 0 are plotted in Fig. 6 . In this paper, we implement a leapfrog scheme, which is a three-level scheme and requires initial data on two different time levels. With the initial data at t = 0, we compute the data at t = ∆t with a second-order Taylor series expansion. Take the variable φ as an example:
The values of φ| t=0 and φ ,t | t=0 are set up as discussed above, and the value of φ ,tt | t=0 can be obtained from the equation of motion for φ (29).
D. Discretization scheme
The leapfrog integration scheme is implemented in this paper, which is second-order accurate and nondissipative. With the demonstration of Fig. 2 and using the variable φ as an example, our discretization scheme is expressed below:
In this paper, we let the temporal and the spatial grid spacings be equal, ∆t = ∆x. The equations of motion for η ≡ r 2 (27) , for φ (29), and for ψ (30) are coupled. Newton's iteration method can be employed to solve this problem [67] . With the illustration of Fig. 2 , the initial conditions provide the data at the levels of "down" and "here," and we need to obtain the data on the level of "up". We take the values at the level of "here" to be the initial guess for the level of "up". Then, we update the values at the level of "up" using the following iteration (taking φ as an example):
where G(φ up ) is the residual of the differential equation for the function φ up , and J(φ up ) is the Jacobian defined by
We do the iterations for all of the coupled equations one by one, and run the iteration loops until the desired accuracies are achieved.
E. Locating apparent horizon and examining dynamics near the singularity with mesh refinement
Horizons are important characteristics of black holes. For simplicity, we locate the apparent horizon of a black hole formed in the collapse, where the expansion of the outgoing null geodesics orthogonal to the apparent horizon is zero [68] . This implies that, in double-null coordinates [69] , at the apparent horizoñ
With this property, one can look for the apparent horizon. M (≡ m/G) in Eq. (52) is the mass of the black hole. Gravity near the singularity is super strong. In order to study the dynamics and examine the BKL conjecture in this region, high-resolution simulations are needed. To achieve this, one may choose to slow down the evolution near the singularity by multiplying the (t, t) metric component with an appropriate lapse function [69] . However, in this paper, we employ an alternative approach: fixed mesh refinement, which is similar to the one used in Ref. [70] . This method is very convenient to implement and works very well. Firstly, with numerical results obtained using coarse grid points, we roughly locate the singularity curve r = 0, as shown by the solid (blue) line in Fig. 3 , and choose a region to examine, e.g., the region enclosed by the dash-dotted (green) square. Then the grid points in this region are interpolated with the original grid spacing being halved. We take two neighboring slices, with narrower spatial range, of the newly interpolated results at the midway as new initial data. Specifically, the new initial data are located near the line segment AB in Fig. 3 . We then run the simulations with these new initial data. The interpolateand-run loop is iterated until the desired accuracies are obtained.
As discussed in Sec. III A, in the first simulation with coarse grid points, the term (−r ,tt + r ,xx )/r in (28) can
Figure 3: (color online) Description of fixed mesh refinement. Firstly, with numerical results obtained using coarse grid points, we locate the singularity curve r = 0 roughly, as shown by the solid (blue) line, and choose a region to examine, e.g., the region enclosed by the dash-dotted (green) square. Then, the grid points in this region are interpolated with the original grid spacing being halved. We take two new neighboring slices as initial data for the next simulation. Specifically, the new initial data are located near the line segment AB. The interpolate-and-run loop is repeated until the desired accuracies are achieved.
create big errors near the center x = r = 0. To avoid this problem, we use the constraint equation (32) instead. However, at the mesh refinement stage, in the region that we are investigating, the values of r at the two boundaries are usually as regular as those at other neighboring grid points. We need to study the behaviors of all the terms in Eq. (28) with high accuracy. Therefore, at the mesh refinement stage, we switch back to Eq. (28) . The values of the integration variables on the two boundaries are obtained via extrapolation.
F. Numerical tests
The accuracies of the discretized equations of motion used in the simulations are checked. In the simulations, the range for the spatial coordinate is x ∈ [0 22], and the grid spacing ∆x of the coarsest grid is set to 0.01. The constraint equations (34) and (35) are also examined. The convergence rate of a discretized equation can be obtained from the ratio between residuals with two different step sizes,
Our numerical results show that both of the constraint equations are about second-order convergent. As a rep- resentative, in Fig. 4(a) , we plot the results for the {tt} + {xx} constraint equation (35) when the coordinate time is equal to 3.5.
Convergence tests via simulations with different grid sizes are also implemented [64, 66] . If the numerical solution converges, the relation between the numerical solution and the real one can be expressed by
where n is the convergence order, and F h is the numerical solution with step size h. Then, for step sizes equal to h/2 and h/4, we have
, one can obtain the convergence rate
The convergence tests for η ≡ r 2 , g, φ, and ψ are investigated, and they are all second-order convergent. As a representative, in Fig. 4(b) , the results for η are plotted when the coordinate time is equal to 3.5.
IV. RESULTS
A black hole formation from the scalar collapse in f (R) gravity is obtained. During the collapse, the scalar degree of freedom f is decoupled from the source scalar field ψ and becomes light. Consequently, gravity transits from general relativity to f (R) gravity. Near the singularity, the contributions of various terms in the equations of motion for the metric components and scalar fields are studied. The asymptotic solutions for the metric components and the scalar field φ near the singularity are obtained. They are the Kasner solution. These results support the BKL conjecture well.
A. Black hole formation
Before the collapse, near the scalar sphere, f stays at the right side of the potential (shown in Fig. 1 ) due to the balance between U (f ) and the force from the physical scalar field ψ. During the collapse, the force from ψ decreases and then changes the direction at a later stage. Correspondingly, f rolls down the potential and then crosses the minimum of the potential, as depicted in Fig. 1 . If the energy carried by the scalar field ψ is small enough, the field f will oscillate and eventually stop at the minimum of the potential, and the field ψ disperses. The resulting spacetime is a de Sitter spacetime. However, if the scalar field ψ carries enough energy, a black hole will form, and the Weyl tensor and Weyl scalar will become singular as r goes to zero, which is confirmed in Sec. V and Fig. 12 . This implies that r = 0 is the true singularity inside a black hole. Moreover, with Eq. (52), the apparent horizon is found and plotted in Fig. 5 . Therefore, a black hole is formed.
B. Dynamics during collapse
The evolutions of r, σ, f , ψ, and the Ricci scalar in the Jordan frame, R JF , are shown in Fig. 6 . During the collapse, the major part of the energy of the source scalar field ψ is transported to the center. Consequently, the field f is decoupled from the source field and becomes light. At the same time, as shown in Fig. 6(e) , the Ricci scalar in the Jordan frame decreases, and the modification term in the function f (R) becomes important. In this process, gravity transits from general relativity to f (R) gravity. Compared to gravity from the singularity, the left side of the potential U (f ) is not steep enough to stop f from running to the left. Consequently, the field f rolls down from its initial value, which is close to 1, crosses the de Sitter point, and asymptotes to but does not cross zero near the singularity, as shown in Figs. 6(c) and 9(c). Simultaneously, as shown in Eq. (31), the factor 1/f accelerates the transformed energy-momentum of the source field ψ in the Einstein frame to blow up. In other words, one may say that the effective gravitational coupling constant becomes singular at this point. The observations that f approaches zero are consistent with the results of collapse in Brans-Dicke theory obtained in Ref. [47] . One may take f (R) theory as the ω = 0 case of Brans-Dicke theory, where ω is the Brans-Dicke coupling constant. On the other hand, the potential in f (R) theory has a more complicated form than in Brans-Dicke theory. In the latter case, the potential is usually set to zero. We examine the evolutions in the vicinity of the singularity using fixed mesh refinement as discussed in Sec. III E. On the sample slice (x = 2.5, t = t) that we choose to study, the interpolate-and-run loop is iterated 20 times. As a result, the grid spacing ∆x = ∆t is reduced from 10 −2 to 10 −8 . The smallest value for the radius r we can reach is reduced from 10 −2 to 10
(see Figs. 7 and 9 ). Note that the radius of the apparent horizon of the formed black hole is about 2.2 [see Fig. 5(b) ]. The results obtained via mesh refinement support the BKL conjecture well, as discussed below.
One statement of the conjecture is that, in the vicinity of the singularity, gravity dominates over matter fields. This is verified by the results plotted in Fig. 7 . The results show that the metric terms are the most important ones, while the potential term and the effective force term based on the first-order derivative of the potential with respect to the scalar field φ are the least important. 
, is positive. Namely, ψ accelerates the evolution of φ. On the other hand, this contribution is tiny compared to gravity [see Fig. 7(c) ]. The effective force term from the potential is even less than the contribution from ψ. This implies that, in the vicinity of the singularity, φ or f becomes almost massless. Regarding the equation of motion for ψ (30), the contribution from φ, 2/3κφ ,t ψ ,t , is relatively important [see Fig. 7(d) ]. In fact, φ ,t is negative. Therefore, the term 2/3κφ ,t ψ ,t functions as a friction force for ψ. This is a dark energy effect. This effect can also be observed via comparison of Figs. 9(c) and (d). Because the dynamics of φ is mainly determined by gravity, φ[≡ ( 3/2 log f )/κ] has a good linear relation with log r [also refer to Eqs. (73) and (75)]. However, because of the suppression from φ, the field ψ does not have such a linear relation with log r.
The second statement of the BKL conjecture is that, near the singularity, the terms containing temporal derivatives are dominant over those containing spatial derivatives.
However, in double-null and Kruskal coordinates, temporal derivatives and spatial derivatives are connected by the slope of the singularity curve. We first take the variable r as an example. (e) Figure 6 : Evolutions of the metric components and scalar fields on consecutive time slices. As the singularity curve, r = 0, is approached, f goes to zero, and the physical scalar field ψ becomes singular. Near the boundary of the scalar sphere, the Ricci scalar in the Jordan frame, R JF , moves from a large value at the initial state to a very small value as one moves to the singularity [also refer to Fig. 12(b) ]. Then, gravity transits from general relativity to f (R) gravity. , and (r,tφ,t)/(r,xφ,x) are all around 11.5. As discussed in Sec. IV B, this is related to the slope of the singularity curve. This implies that the slope of the singularity curve at x = 2.5 is about 1/11.5 ≈ 0.29. Consequently, neglecting minor terms, we can approximately rewrite the original equations of motion for σ, φ, and ψ only in terms of temporal derivatives. ) becomes ψ,tt + 2r,tψ,t/r ≈ 2/3κφ,tψ,t. Note that φ,t is negative. Therefore, the term 2/3κφ,tψ,t tries to stop the evolution of ψ. This is a dark energy effect.
As illustrated in Fig. 8 , point A and point B are on one same hypersurface r = Const, while point C is on another one. At point C, in first-order accuracy, r ,x ≈ (r C − r A )/∆x and r ,t ≈ (r B − r C )/∆t. Since r A = r B and the slope of the singularity curve, dt/dx, is no greater than 1 [see Fig. 5(a) ], there is
Namely, in the vicinity of the singularity curve, the ratio between spatial and corresponding temporal derivatives is defined by the slope of this singularity curve. (Similar results for a Schwarzschild black hole in Kruskal coordinates can be obtained analytically. Details are given in Appendix B.) This can also be interpreted in the following way. In double-null and Kruskal coordinates, the time vector is not normal to the hypersurface of r = Const. Then, the derivatives in the radial direction have nonzero projections on both hypersurfaces of x = Const and t = Const. With Eq. (55), along a certain slice (x = Const, t = t), near the singularity, the ratio between spatial and corresponding temporal At point C, in first-order accuracy, r,x ≈ (rC − rA)/∆x and r,t ≈ (rB − rC )/∆t. Since rA = rB and the slope of the singularity curve, dt/dx, is less than 1, there is |r,x/r,t| ≈ |∆t/∆x| < 1.
derivatives is almost constant. This is also valid for other quantities, e.g., σ, φ, and ψ. This can be explained as follows. We take the scalar field φ as an example. With the illustration of Fig. 8 , as this scalar field moves toward the center r = 0 along the radial direction, two neighboring points on this scalar wave φ should take close values when they cross points C and D, respectively, on one same hypersurface r = Const at two consecutive moments, because these two points on the scalar wave are neighbors and the "distances" AD and BC are more important for their values than the difference between these two neighboring points. In other words, in the vicinity of the singularity curve, gravity is more important than the difference between neighboring points on the scalar wave. These arguments are also supported by numerical results. Near the singularity, the evolution of φ is described by Eq. (75): φ ≈ C log ξ, where ξ is the distance between two hypersurfaces of r = Const and r = 0. In Fig. 8 , ξ means AD and BC. As shown in Fig. 11(f) , the parameter C changes slowly along the singularity curve, compared to the dramatic running of log ξ near the singularity. We also checked variations of C as ξ takes different scales on one same slice (x = Const, t = t). The results show that C also changes very slowly. On the slice (x = 2.5, t = t) that we study, near the singularity, the ratios between second-order temporal derivatives (or the squared/multiplication of first-order time derivatives) and the corresponding spatial derivatives present in Eqs. (27) - (30), e.g., σ ,tt /σ ,xx , φ 2 ,t /φ 2 ,x , and (r ,t φ ,t )/(r ,x φ ,x ), are all around 11.5. As argued in the above paragraph, this implies that the slope of the singularity curve at x = 2.5 is about 1/11.5 ≈ 0.29.
In addition, as illustrated in Fig. 7 , the term 2e −2σ r 2 V in Eq. (27) (27) in the format of (56) , and rewrite the original equations of motion for σ (28), φ (29), and ψ (30) only in terms of temporal derivatives as follows:
Note that |η ,xx | is no greater than |η ,tt |. As the singularity is approached, r ,t and φ ,t are both negative. (Refer to the above arguments at the beginning of this section.) Then, Eq. (58) implies that φ ,tt < 0. Therefore, φ will be accelerated to −∞. Correspondingly, f approaches zero. Similar arguments can be applied to other equations above. Then, the dynamical system approaches an attractor (r → 0, σ = −∞, f → 0, ψ = +∞). Next, we will explore the asymptotic solutions based on Eqs. (56)-(58).
C. Kasner solution for Schwarzschild black hole
The third statement of the BKL conjecture is that the dynamics near the singularity is expressed by the universal Kasner solution [39] . The four-dimensional homogeneous but anisotropic Kasner solution with a massless scalar field ζ minimally coupled to gravity can be described as follows [16, 71, 72] :
where the parameter q describes the contribution from the field ζ. The parameter q 2 is constrained by Eq. (60) as
The Kasner exponents can be expressed in the following parametric form:
The parameter α 2 is no greater than 1. The Kasner exponents are invariant under the transformation of w → 1/w:
If q 2 > 0, there are combinations of positive Kasner exponents, satisfying Eq. (60) . Moreover, all three Kasner exponents take positive values if q 2 ≥ 1/2 [16, 72] . As will be demonstrated in the rest of this paper, a Schwarzschild black hole and spherical collapse toward a black hole formation have special types of Kasner solution, in which p 2 and p 3 are equal.
The behavior of a test scalar field near the singularity in the spacetime of the Oppenheimer-Snyder collapse [23] was simulated in Ref. [43] . The spacetime is asymptotically flat. The results confirmed one statement of the BKL conjecture: the temporal derivative terms are dominant over the spatial ones. In the scalar collapse in f (R) gravity that we study in this paper, two scalar fields are present. One of them, ψ, is massless, and the other one, φ, is very light although it has a mass. Moreover, the spacetime has an asymptotic de Sitter solution.
Due to the close connection between a Schwarzschild black hole and spherical collapse, it is instructive to review the dynamics near the singularity of a Schwarzschild black hole first. In Schwarzschild coordinates, the Schwarzschild metric can be expressed as
which, near the singularity, is reduced to
Inside the horizon, r is timelike, and t is spacelike. In this case,
Considering Eqs. (60), (66), and (67), we have
which clearly are Kasner exponents, satisfying Eq. (60), with q being equal to zero. To be one more step closer to spherical collapse in double-null coordinates, we consider the Schwarzschild metric in Kruskal coordinates, which has the following form:
The Schwarzschild radius r is given by
In the vicinity of the singularity curve, we rewrite t as t = t 0 − ξ, where t 0 is the coordinate time on the singularity curve and ξ t 0 . With the spatial coordinate x being fixed, a perturbation expansion near the singularity curve directly yields
Consequently, the proper time is
Therefore,
Then, we obtain the same set of Kasner exponents as in Schwarzschild coordinates.
D. Kasner solution for spherical collapse
The reduced equations of motion, (56)- (58), numerical results for spherical collapse in f (R) theory, and the analysis of dynamics near the singularity for a Schwarzschild black hole together show that the variables r, σ, and φ have the following asymptotic solutions:
where ξ is defined in the same way as in the Kruskal case: ξ = t 0 − t, where t 0 is the coordinate time on the singularity curve. Substituting the above three expressions into Eq. (57) yields a relation between parameters β, B, and C:
We then put Eqs. (73), (74), and (76) into (56) . Noting that the ratio η ,tt /η ,xx has a certain value near a fixed singularity point, and neglecting minor terms, we obtain
As ξ approaches zero, the parameter β needs to be close to 1/2, so that the two sides of the equation are balanced. In this case, the above equation implies that
Therefore, as a function of ξ, r in spherical collapse has an exponent close to the one in a Schwarzschild black hole in Kruskal coordinates [see Eq. (71)]. Substitution of Eqs. (76) and (77) into (74) leads to the asymptotic solution for σ,
Then, the proper time is
Consequently, one can obtain the expressions for the metric components and scalar field φ with respect to τ as follows:
Comparing Eqs. (80)- (82) to (60), we extract
and
It can be verified that these parameters satisfy Eq. (60) . It is noticeable that as the parameter C in Eq. (82) goes to zero, namely the field φ disappears, the Kasner exponents take the same values as in the Schwarzschild black hole case. The above analytic expressions are also supported by numerical results. On the slice that we study, the parameter C for φ is obtained by fitting the numerical results, C = 0.24070±0.00003 [see Fig. 10(a) ]. Then, with Eqs. (83) and (84) The two sets of values are highly compatible. Therefore, we obtain the Kasner solution for spherical scalar collapse in f (R) theory in double-null coordinates in the Einstein frame.
E. Variations of Kasner parameters along the singularity curve
The Kasner solution described by Eqs. (83) and (84) is a special case of the one expressed by Eqs. (62)- (65) . The two sets of expressions are identical under the conditions
We study variations of the parameters A, β, B, and C present in Eqs. (73)- (75) along the singularity curve by fitting the numerical results to corresponding analytic expressions. The results are plotted in Fig. 11 . The results imply that at places far away from the center x = 0, the contribution from the scalar field φ is negligible, and the spacetime is very similar to the one of a Schwarzschild black hole in Kruskal coordinates. Equation (71) reveals that A = 4mt 1/2 0 and β = 1/2 for a Schwarzschild black hole. In the collapse case, we plot the relation of A vs t 0 in Fig. 11(b) , while an approximate analytic expression for A vs t 0 is unavailable yet. Figure 11 (c) shows that β is very close to 1/2. In Fig. 11(d) , we plot results for B obtained both via fitting the numerical results and the analytic expression B = (1−2C
2 )/4 [see Eq. (78)]. We also compute the relative errors between the two sets of results. The results from the two approaches are very close. They asymptote to 1/4 at places far from the center x = 0. This = −2σ = a + b log r, a = 1.575 ± 0.003, b = −0.8797 ± 0.0004. log e −2σ (= −2σ) has an ideal linear relation with log r, which supports our statements on Eqs. (73) and (74) . (c) log f = 2/3κφ = a + b log r, a = −0.8021 ± 0.0002, b = 0.39288 ± 0.00004. Near the singularity, the dynamics of f or φ is mainly determined by gravity. Then, log f (= 2/3κφ) has an ideal linear relation with log r. f approaches zero as r goes to zero. (d) ψ. Near the singularity, although the evolution of ψ is mainly determined and accelerated by gravity, it is considerably suppressed by φ. Then, ψ does not have an ideal linear relation with log r.
is consistent with the Schwarzschild black hole case, in which B = 1/4.
As functions of C, the Kasner exponents and the parameter q are plotted in Fig. 11(e) . Equation (60) constrains the parameter q as q ≤ 2/3. This is verified in Fig. 11(e) . When C = 3/2 ≈ 1.22, there are q = 2/3 ≈ 0.82 and p 1 = p 2 = p 3 = 1/3. By fitting the numerical results to Eq. (75), we obtain variations of C and q along the singularity curve, as plotted in Fig. 11(f) . In the direction from x = 5.5 toward x = 0, q increases and approaches the maximum value, 2/3, near x = 0.3. Note that q describes the contribution of the scalar field φ. The variation of q can be interpreted in a straightforward way. During the collapse, ψ and φ move toward the center x = 0. Due to interactions between the scalar fields and spacetime, the major energy of φ arrives at the formed singularity near x = 0.3, and contributes most at this point.
One may wonder what the asymptotic values for A, β, B, and C are as x approaches zero along the singularity curve. Another issue is the running of these parameters with respect to the scale of ξ. Letting the spatial coordinate x take a fixed value, we implement mesh refinement with different iterations. Correspondingly, ξ reaches different scales. We obtain C by fitting the numerical results to Eq. (75) . We find that C is running with respect to the scale of ξ. For example, at x = 2.5, C decreases about three percent when the scale of ξ is reduced from 10 −3 to 10 −8 . However, detailed studies of such issues are beyond the scope of this paper.
In the Einstein frame where we are working, the gravitational theory is similar to general relativity. Two scalar fields, φ (or f ) and ψ, are present. However, near the singularity, the contributions to the spacetime from the physical scalar field ψ and the potential for φ are negligible. The field φ is almost massless. The contribution from the almost-massless field φ is important. Therefore, this case is essentially the same as single massless scalar (spherical) collapse in general relativity. The Kasner solution we obtained for spherical scalar collapse in f (R) theory is also the corresponding Kasner solution for single massless scalar collapse in general relativity.
The statement that spherical collapse in general relativity can end up with a Schwarzschild black hole has been verified by various numerical simulations. Hawking showed that stationary black holes as the final states of Brans-Dicke collapses are also the solutions of general relativity [20] . This conclusion has been numerically confirmed in Refs. [27, 28, 29] . A static black hole in scalar-tensor theories [including f (R) theory] has a de Sitter-Schwarzschild solution. In the f (R) theory case, f would stay at the minimum of the potential, U (f ). However, numerical simulations show that in the collapse process, f crosses the minimum of the potential, and asymptotes to zero as the singularity is approached. Namely, the static and dynamical solutions are considerably different. One may wonder whether the collapse will lead to the static solution eventually. Preliminary explorations show that this may not be a trivial question. Further explorations of this problem are omitted in this paper.
V. VIEW FROM THE JORDAN FRAME
Originally, f (R) gravity is defined in the Jordan frame. For computational convenience, we transform f (R) gravity from the Jordan frame into the Einstein frame. After the results have been obtained in the Einstein frame, we convert these results back into the Jordan frame in this section. We examine the Ricci scalar, Weyl scalar, Weyl tensor, and Kasner solution in the Jordan frame.
A. Ricci scalar
First, using the asymptotic expressions for r (73) and σ (78), we compute the Ricci scalar in the Einstein frame as follows:
where J is the slope of the singularity curve, and
Refer to arguments in Sec. IV B for details on the above equation. We use r and r EF to denote the quantity r in the Einstein frame and r JF in the Jordan frame.
The numerical results and fitting results for R EF in the vicinity of the singularity on the slice (x = 2.5, t = t) are plotted in Fig. 12(a) . We fit the numerical results according to log |R EF | = a + b log(r EF + c). We fix a to −0.592, which is the modified analytic value for a as discussed below. The fitting results are b = −3.1102 ± 0.0009,
The analytic results are
In the above computations, we have used the approximate expression for σ (74), σ ≈ B log ξ. This expression is valid when r is close enough to zero. The fitting results for σ for the slice (x = 2.5, t = t) are σ = −0.34224 + 0.22108 log ξ. If we used this more accurate expression, the modified analytic value for a would be a analytic-modify = −0.592 ± 0.001.
The Ricci scalar in the Jordan frame for the HuSawicki model can be obtained from Eq. (23) . In the vicinity of the singularity, f 1. Then Eq. (23) becomes
where we have used
Note that in this paper we have set 8πG = κ 2 = 1. Equation (88) reveals that as r JF asymptotes to zero, R JF will approach a constant: R 0 ( √ D − 1). The numerical results and fitting results for R JF are shown in Fig. 12 The corresponding analytic results are
= 0.48920 ± 0.00008.
In the above computations, we have used the approximate expression for φ (75), φ ≈ C log ξ. This expression is valid when r is close enough to zero. The fitting results for φ for the slice (x = 2.5, t = t) are φ = −0.5118 + 0.2407 log ξ [see Fig. 10(a) ]. If we used this more accurate expression, the modified analytic value for b would be b analytic-modify = (1.0114±0.0004)×10 −6 . 
B. Weyl scalar
The Ricci tensor and Ricci scalar include information on the traces of the Riemann tensor, while the trace-free parts are described by the Weyl tensor and Weyl scalar. We consider the Weyl scalar and Weyl tensor in this and the next subsections, respectively. It is convenient to define
Then in the Einstein frame, the Weyl scalar is
where C αβµν is the Weyl tensor. The numerical and fitting results for C EF are plotted in Fig. 12(c) . We fit the numerical results according to log C EF = a + b log(r EF + c). We fix a to 2.072, which is the modified analytic value for a as discussed below. The results are
If we used the more accurate expression for σ, σ = −0.34224+0.22108 log ξ, the modified analytic value for a would be a analytic-modify = 2.072 ± 0.001. The Weyl scalar in the Jordan frame is [73] 
. (93) We fit the numerical results according to log C JF = a + b log(r JF + c). The results are a = 1.93 ± 0.03,
The analytic results are a analytic = 3.0230 ± 0.0001,
If we used the more accurate expressions for φ and σ, φ = −0.5118 + 0.2407 log ξ, and σ = −0.34224 + 0.22108 log ξ, the modified analytic value for a would be a analytic-modify = 2.6247 ± 0.0002.
C. Weyl tensor
The Weyl tensor in the format of C α βµν is invariant under conformal transformations. We compute one component of the Weyl tensor,
We also compute the metric components in the Jordan frame in the vicinity of the singularity curve using the transformation relation, g
µν :
Equations (94)- (96) show that C = 3/2 is a special point. As ξ approaches zero, when 0 < C < 3/2, C t xtx and e −σ | JF become positive infinity, and r JF asymptotes to zero. However, when C > 3/2, C t xtx becomes negative infinity, r JF becomes positive infinity, and e −σ | JF asymptotes to zero. Further explorations of these issues are beyond the scope of this paper. Since the Weyl tensor is invariant under conformal transformations, C t xtx will also become positive infinity in the Jordan frame in the case of 0 < C < 3/2. Moreover, the radius of the apparent horizon for the black hole in the Jordan frame can be obtained from Eq. (95). Consequently, a black hole can also be formed in the Jordan frame. The scalar degree of freedom f will approach zero as r JF asymptotes to zero.
D. Kasner solution in the Jordan frame
In the Jordan frame, the proper time for the case of 0 < C < 3/2 is
(97) Therefore, r JF , e −σ | JF , and φ can be written in terms of τ JF as follows:
Comparing Eqs. (98)- (100) to (60), we have (JF) p 3 2 = 1 − (JF) q 2 . This is because in the Jordan frame, the scalar degree of freedom, f , is not minimally coupled to gravity, while that is the case in the Einstein frame or general relativity.
VI. COLLAPSES IN MORE GENERAL MODELS
We have studied spherical collapse for one of the simplest versions of the Hu-Sawicki model in the Einstein frame. In this section, we will discuss collapses in more general cases. We will examine how the parameter D in the Hu-Sawicki model (21) affects the results. Spherical collapse for another typical dark energy model, the Starobinsky model, will be explored.
A. Collapse for the Hu-Sawicki model in general cases
In one of the simplest versions of the Hu-Sawicki model, described by Eq. (21), the parameter D is set to 1.2. Now we let D take a smaller value 1.05. This means that the dark energy will play a less important role. The results in this configuration are plotted in Fig. 13 . Not surprisingly, in comparison to Fig. 5 with D = 1.2, in this new case, it takes less time to form a black hole, and the radius of the apparent horizon of the formed black hole is larger. In the case of D = 1.2, the apparent horizon starts to form at t = 3.6, and the radius of the black hole is about 2.2. In the case of D = 1.05, the apparent horizon starts to form at t = 3.0, and the radius of the black hole is about 3.4.
B. Collapse for the Starobinsky model
We consider spherical collapse for the Starobinsky model, which can be expressed as follows [10] :
where D and n are positive parameters, and R 0 has the same order of magnitude as the currently observed effective cosmological constant. In this paper, we set R 0 to 5 × 10 −6 . We simulate collapses with n = 1 and n = 2. Note that the case of n = 1 for the Starobinsky model (104) is identical to the case of n = 2 for the Hu-Sawicki model (20) . The results with n = 1 and n = 2 for the Starobinsky model are similar, and we only present results of the n = 2 case in Fig. 14 
VII. CONCLUSIONS
Spherical scalar collapse in f (R) gravity was simulated in this paper. A black hole formation was obtained. The dynamics of the metric components, the scalar degree of freedom f , and a physical scalar field during the collapse process, including near the singularity, were studied. The results confirmed the BKL conjecture.
Originally, f (R) gravity was built in the Jordan frame. For computational convenience, we transformed f (R) gravity from the Jordan frame into the Einstein frame, in which the gravitational theory is similar to general relativity. The double-null coordinates were employed. These coordinates enabled us to study the dynamics both inside and outside of the horizon of the formed black hole. Two typical dark energy f (R) models, the Hu-Sawicki model and Starobinsky model, were taken as example models in this paper. Mesh refinement and asymptotic analysis were applied to study the dynamics in the vicinity of the singularity of the formed black hole.
The dark energy f (R) theory is a modification of general relativity at low curvature scale. Inside a sphere whose matter density is much greater than the dark energy density and whose radius is large enough, f is coupled to the matter density and is close to 1. Accordingly, f (R) gravity is reduced to general relativity and the modification term is negligible. However, during the collapse, the matter moves to the center of the scalar sphere, which forms a black hole at a later stage. Then, f loses the coupling and becomes almost massless. Due to the strong gravity from the singularity and the low mass of f , f crosses its de Sitter value and asymptotes to zero as the singularity is approached. Simultaneously, the modification term in the function f (R) takes effect and even becomes dominant. Therefore, the solution of the dynamical collapse is significantly different from the static solution-it is not the de Sitter-Schwarzschild solution.
Near the singularity, in the equations of motion for the metric components and the scalar fields, the metric component terms are more important than the scalar field ones. The field φ, transformed from the scalar degree of freedom f , dominates the competition between φ and the physical field ψ. The field φ contributes more to the dynamics of the metric components than ψ does.
In the equations of motion for the metric components and φ, the contributions of ψ are negligible. However, the effect of φ on the evolution of ψ is visible. The field φ or effective dark energy tries to stop the collapse of ψ. The metric components and the scalar field φ are described by the Kasner solution. These results supported the BKL conjecture well.
In the vicinity of the singularity, the field ψ can be omitted. The field φ remains, with the potential being negligible. Therefore, the Kasner solution for spherical scalar collapse in f (R) theory that we obtained is also the Kasner solution for spherical scalar collapse in general relativity.
In studies of cosmological dynamics and local tests of f (R) theory, much attention has been given to the right side and the minimum area of the potential as plotted in Fig. 1 [74] . In the early Universe, the scalar field f is coupled to the matter density and is close to 1. In the later evolution, f goes down toward the minimum of the potential, oscillates, and eventually stops at the minimum. In the oscillation epoch, f does not deviate too far from the minimum. However, in the collapse process toward a black hole formation, the strong gravity from the black hole pulls f in the left direction to a place far away from the minimum. Consequently, the left side of the potential needs more care in the collapse problem.
can provide an intuitive understanding of the relation between the spatial and temporal derivatives near the singularity curve for the collapse in double-null coordinates.
For a Schwarzschild black hole in Kruskal coordinates, the expression for r can be obtained from Eq. (70): 
Y can be a negative or a complex number. On the hypersurface of r = Const, z = (x 2 − t 2 )/e = Const. Then, in the two-dimensional spacetime of (t, x), the slope for the curve r = Const, J, can be expressed as
The first-and second-order derivatives of W are
Consequently, with Eqs. (B1), (B4), and (B5), one can obtain the first-and second-order derivatives of r with respect to x:
Near the singularity curve, z[= (x 2 − t 2 )/e] approaches −1/e, and W asymptotes to −1. Consequently, the second-order derivative of r with respect to x can be approximated as follows:
Similarly, one can obtain the first-and second-order derivatives of r with respect to t near the singularity curve:
Therefore, with Eqs. (B6) and (B8)-(B10), the ratios between the spatial and temporal derivatives can be expressed by the slope of the singularity curve, J:
As discussed in Sec. IV B, in spherical collapse in doublenull coordinates, the ratios between the spatial and temporal derivatives are also defined by J.
